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Realizability & the proof-as-program correspondance

Theorem (Euclid – Elements, Book IX – c. 300 BC)
There are infinitely many prime numbers.

Proof.

Take any finite list p1, . . . , pn of prime numbers
Compute their product A = p1 × . . .× pn
Extract a prime factor q from A + 1
q divides A + 1, therefore q does not divide A
Therefore q is not in the list p1, . . . , pn
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Realizability & the proof-as-program correspondance

Theorem (Euclid – Elements, Book IX – c. 300 BC)
There are infinitely many prime numbers.

Proof.

Take any finite list 3, 5, 7 of prime numbers
Compute their product A = p1 × . . .× pn
Extract a prime factor q from A + 1
q divides A + 1, therefore q does not divide A
Therefore q is not in the list p1, . . . , pn
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Realizability & the proof-as-program correspondance

Theorem (Euclid – Elements, Book IX – c. 300 BC)
There are infinitely many prime numbers.

Proof.

Take any finite list 3, 5, 7 of prime numbers
Compute their product A = 3× 5× 7
Extract a prime factor q from A + 1
q divides A + 1, therefore q does not divide A
Therefore q is not in the list p1, . . . , pn
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Realizability & the proof-as-program correspondance

Theorem (Euclid – Elements, Book IX – c. 300 BC)
There are infinitely many prime numbers.

Proof.

Take any finite list 3, 5, 7 of prime numbers
Compute their product A = 3× 5× 7 = 105
Extract a prime factor q from A + 1
q divides A + 1, therefore q does not divide A
Therefore q is not in the list p1, . . . , pn
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There are infinitely many prime numbers.

Proof.

Take any finite list 3, 5, 7 of prime numbers
Compute their product A = 3× 5× 7 = 105
Extract a prime factor q from 106
q divides A + 1, therefore q does not divide A
Therefore q is not in the list p1, . . . , pn
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Proof.
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A program is not (always) a proof

Conjecture (Goldbach, 1742)
For each n ≥ 4 even, there exist p, q primes such that n = p + q.

Realizing the conjecture ↔ finding p and q for every n:

Take any even integer n ≥ 4.
For all pairs of primes (p, q) do:

if n = p + q: return (p, q)
else: keep looking
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Krivine’s classical realizability

Model of computation
(programs t, u, v , . . .)

Realizability theory
(formulas A,B,C , . . .)
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{ A; ∃t (t 
 A) }t 
 A

t realizes A

Extension of λ-calculus
+ control (call-cc) Extension of ZF

Realizability models
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Krivine’s realizability models
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Krivine’s realizability models: formulas

ZFε = ε ⊆
ZF ≈ ∈ ∼⊂
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ZF ≈ ∈ ∼⊂

ZFε ` ∀a, b (a∈b ↔ ∃a′≈a a′εb)

Proposition: ZFε is a conservative extension of ZF

Logical ∀ ∧ ∨ → . . .

Non-logical ∩ ∪ ↪→ . . .
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Krivine’s realizability models: programs & evaluation

Evaluation rules:

tu ? π �K t ? π t ? u • π (Push)
λx . t ? u • π �K t[x := u] ? π (Grab)

call-cc ? t • π �K t ? kπ • π (Save)
kπ ? t • π′ �K t ? π (Restore)

Plus transitivity and reflexivity.
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Krivine’s realizability models: poles

Pole: a set ⊥⊥ of processes such that for all q ∈ ⊥⊥, for all p �K q,
p ∈ ⊥⊥.

Example: ⊥⊥ = { p; p �K λx . x ? nil }.

Formula A + pole ⊥⊥

Falsity value ‖A‖⊥⊥ ⊆ Π = {stacks}

Truth value |A|⊥⊥ ⊆ Λ = {terms}

|A|⊥⊥ = (‖A‖⊥⊥)⊥⊥ = { t; ∀π ∈ ‖A‖⊥⊥ , t ? π ∈ ⊥⊥ }
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Krivine’s realizability models: single-pole models

All poles Extensions of ZF

⊥⊥ Theory(⊥⊥)

Proof-like term: a term in which no stack constant (kπ) appears.

Adequacy: if A `classical B and A is realized, then B is realized.
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Krivine’s realizability models: comparison with forcing

Realizability forcing

Λ,Π,Λ ? Π P

� ≤

tu, t � π, t ? π t ∧ u, t ∧ π

t ? π ∈ ⊥⊥ t ⊥ π

proof-like 1

realizes forces
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Krivine’s realizability models: 2ג

First-order formula A
on Boolean Algebras

Formula 2ג) |= A) of the
realizability languagetranslation
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Krivine’s realizability models: 2ג

First-order formula A
on Boolean Algebras

Formula 2ג) |= A) of the
realizability languagetranslation

2ג| |= A→ B|⊥⊥ = 2ג)| |= A)→ 2ג) |= B)|⊥⊥
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Krivine’s realizability models: 2ג

First-order formula A
on Boolean Algebras

Formula 2ג) |= A) of the
realizability languagetranslation

2ג| |= A→ B|⊥⊥ = 2ג)| |= A)→ 2ג) |= B)|⊥⊥

2ג| |= ∀x A(x)|⊥⊥ = 2ג| |= A(0)|⊥⊥ ∩ 2ג| |= A(1)|⊥⊥
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Krivine’s realizability models: 2ג

2ג |= (0 = 0) ∨ (0 = 1)

2ג |= ∀x (x = 0) ∨ (x = 1)

2ג |= (1 = 0) ∨ (1 = 1)

Realized by λx . λy . x

Realized by λx . λy . y

Not always realized
(depends on ⊥⊥)
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Contributions

I Realizability structures & multi-evaluation relations,

I 2ג can be elementarily equivalent to any Boolean algebra,

I The problem of relative definability can be studied and solved
with 2ג in some models of computation,

I For every λ, DC
λ̂
can be realized,

I With Laura Fontanella: “λ̂ is a cardinal” can be realized.
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Multiple poles:
realizability structures
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Limitation of single-pole models: lack of modularity

I If ⊥⊥ grows:

- ‖a 6 ε b‖⊥⊥ unchanged
- |a 6 ε b|⊥⊥ grows
- ‖a ε b‖⊥⊥ grows
- |a ε b|⊥⊥ ???

I How to combine two poles ⊥⊥1 and ⊥⊥2?
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Realizability structures

All sets of poles
(realizability structures)

Extensions of ZF

S Theory(S)
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Multi-evaluation relations

p �S q iff ∀⊥⊥ ∈ S, q ∈ ⊥⊥ ⇒ p ∈ ⊥⊥

p �K q ⇒ p �S q
�S reflexive and transitive

S not uniquely detemined by �S
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Multi-evaluation relations

Let S be a realizability structure:

I For all p, q such that p �K q, {p} �S {q},
I For all p, {p} �S {p}, (identity)
I For all P,Q,P ′,Q ′, for all r , (cut)

if P �S Q ∪ {r} and P ′ ∪ {r} �S Q ′, then P ∪ P ′ �S Q ∪Q ′,
I For all P,Q,P ′,Q ′ such that P �S Q, (weakening)

if P ⊆ P ′ and Q ⊆ Q ′, then P ′ �S Q ′ .

� S� =

{
⊥⊥;

∀P,Q s.t. P � Q,
Q ⊆ ⊥⊥ ⇒ P ∩ ⊥⊥ 6= ∅

}
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A multi-evaluation relation is a binary relation � between sets of
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Taming 2ג (somewhat)

19 / 31



Adding instructions

Infinitely many
{

- unrestricted instructions
- restricted instructions

with no rules in �K .

Proof-like term: a term in which no stack constant (kπ) or
restricted instruction appears.
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Realizing 2ג“ has fewer than 2n elements”

Proposition
Theory(S) `

(
2ג |= ∀x1 . . . ∀x2n

∨
i 6=j (xi = xj)

)
iff

Theory(S) `



> → ⊥ → . . . → ⊥ → ⊥
∩ ⊥ → > → . . . → ⊥ → ⊥

...
. . .

...

∩ ︸ ︷︷ ︸
n arguments

⊥ → ⊥ → . . . → > → ⊥

.
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Realizing 2ג“ has fewer than 2n elements”

Let ϕ be any unrestricted instruction.
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Realizing 2ג“ has fewer than 2n elements”

Let ϕ be any unrestricted instruction.

Let S<2n =

 ⊥⊥;
for all u1, . . . , un, π,
if all but one of the ui ? π are in ⊥⊥,
then ϕ ? u1 • . . . • un • π is in ⊥⊥

.
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Realizing 2ג“ has at least 2n elements”

Let ξ be any unrestricted instruction other than ϕ.
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⊥⊥;

for all u, π,
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and u ? c⊥ • c> • . . . • c⊥ ? π ∈ ⊥⊥

. . .
and u ? c⊥ • c⊥ • . . . • c> ? π ∈ ⊥⊥
then ξ ? u • π ∈ ⊥⊥
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Realizing 2ג“ has exactly 2n elements”

Let S=2n = S<2n+1 ∩ S≥2n .

Proposition
Theory(S=2n) ` 2ג) |= Fewer2n+1 ∧ ¬Fewer2n).

Proposition
Theory(S=2n) 6` ⊥.
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Realizing any consistent Boolean formula

Theorem
Let A be a Boolean formula. There exists a realizability structure S
such that Theory(S) ` 2ג |= A and Theory(S) 6` ⊥ iff A is
satisfiable in Boolean algebras with at least two elements.

Corollary
Let B be a Boolean algebra. There exists a realizability structure S
such that Theory(S) ` 2ג“ is elementarily equivalent to B” and
Theory(S) 6` ⊥.
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Generalized dependent choices
(restricted Zorn’s lemma)
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A well-ordering instruction

Let < be a well-ordering on terms,

Let χ be any non-restricted instruction.

Let S be the largest structure such that for all a, b, t, u, v , π :

{χ ? a • b • t • u • v • π} �S
{t ? π} if a < b
{u ? π} if a = b
{v ? π} if a > b

.
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Non-extensional choice

Proposition
Theory(S) ` “Every family of non-empty sets has a (possibly non

≈-compatible) choice function”.

a choice(a) ε a

b choice(b) ε b

≈ 6≈
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The generic ordinal λ̂

Let λ be the cardinal of Λ

Let (τα)α<λ be a list of terms s.t. β < α⇒ τβ < τα

For all α ≤ λ, let α̂ =
{ (

β̂, τβ • π
)

; β < α, π stack
}
.

Realizers of β̂ ε α̂ : ∼
{
τβ if β < α
none if β ≥ α .

29 / 31



The generic ordinal λ̂

Let λ be the cardinal of Λ
Let (τα)α<λ be a list of terms s.t. β < α⇒ τβ < τα

For all α ≤ λ, let α̂ =
{ (

β̂, τβ • π
)

; β < α, π stack
}
.

Realizers of β̂ ε α̂ : ∼
{
τβ if β < α
none if β ≥ α .

29 / 31



The generic ordinal λ̂

Let λ be the cardinal of Λ
Let (τα)α<λ be a list of terms s.t. β < α⇒ τβ < τα

For all α ≤ λ, let α̂ =
{ (

β̂, τβ • π
)

; β < α, π stack
}
.

Realizers of β̂ ε α̂ : ∼
{
τβ if β < α
none if β ≥ α .

29 / 31



Canonical representatives of ordinals

Proposition
Theory(S) ` ∀αελ̂ ∀βελ̂ (αεβ ∨ α=β ∨ βεα).

Corollary
Theory(S) ` ∀αελ̂ ∀βελ̂ ().

Theorem
Theory(S) `
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Canonical representatives of ordinals

Proposition
Theory(S) ` ∀αελ̂ ∀βελ̂ (αεβ ∨ α=β ∨ βεα).

Corollary
Theory(S) ` ∀αελ̂ ∀βελ̂ (α≈β → α=β).

Theorem
Theory(S) ` DC

λ̂
(dependent choice sequences up to length λ̂.)
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Thank you!
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