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Examples of probabilistic programs

Input: random integer r Input: random integer r
Output: random integer Output: random integer
X < sample r X < sample r

y ¢ sample uniform {0,1} |y < sample r

return x + y return x + y

(PK)kez = (%Pk =+ %pk—1> s (PK)kez = (Z;H_k Pin> v

Denotation: function G (Z) — G (Z)
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Key idea (e.g. probabilistic coherence spaces)

» Linear program ~- linear function

» Non-linear program ~~ analytic function (power series)
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» Linear program ~- linear function

{G(X) = G(Y) ol X ()

o= fex @ (x) p(dx)

» Non-linear program ~~ analytic function (power series)

{ Gt = &) Vn,pp: X" = G(Y)

[ )N gexn Pn (x) p" (dx)
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But: what about higher-order?

Define a structure s.t.

» for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

» for any instances X, Y and any function f : X — Y, we have
notions of f being linear and f being analytic,

» for any instance X, Y, {f : X — Y, f linear} and
{f : X =Y, f analytic} can be equipped with this structure.
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Bonus: linear functions commute with integrals
We would like:

» for any instance X and any sub-probability measure p on X, we
have a sensible definition for E (1) = [ _, x 1 (dx) € X
(~ E G-algebra),

» forall f: X — Y linear,

([ xui@d) = [ 60 ui@n

In other words: linear map = morphism of G-algebras
& (for X, Y data types) sub-Markov kernel.
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Bonus 2: arbitrary fixed points

We would like:

» any analytic function £ : X — X has a least fixed point
fix f € X,

f: X — Xanalytic} - X
’themap{{ AR }|—>fixf

is analytic.
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Bonus 3: linear logic

We would like:
» a model of linear logic,

» in which each construction of linear logic has an intuitive
interpretation in “probabilistic” terms.
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Things to avoid

» sigma-algebras ~~ quasi-Borel spaces

» limits, sups (topology in general) ~~ infinite sums (of positive
reals, with sum < 1)

8/20



Linear quasi-Borel spaces
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Linear QBSs

A linear QBS X is:
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Linear QBSs

A linear QBS X is:
> two QBSs |X| and |X*|,
. X< el - o
» a measurable map (:<> QBS morph.) { (n,x) =
such that

> e G (|X]),3 foxom(dx) € |X] ¥ € | X

n /X N (dx) = /X X (dx)

Y
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Linear QBSs
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Linear QBSs
> Ve G (|X]), 3t foxu(dx) € X, ¥ e |x*

n /X N (dx) = /X L E (dx)

> V(Xn)nen St V0, D ey X < 1
NS enxa € |X|, V0 € [ XA,

nD_ =)

neN neN

Y

> = [ o xp(dx) and (Xp)nen — Yo Xn are measurable,
» and symmetrically (exchanging ‘X| and |Xi|).
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Canonical example: data types

For all QBSs A, we define a linear QBS A:
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Canonical example: data types

For all QBSs A, we define a linear QBS A:
> |Al = G (A)
> ]AL) — Qbs (A, [0,1])
> vf e |t

Ve |A

Y

= /  Aa)p(ea)
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Dual space

Given a linear QBS X = (|X’ : ’XL’ , (1, x) — nx), we define its
dual X+ = (|x*

Y

X1, (x,n) +—>77X>.
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Two particular cases
» The multiplicative unit W ~ ﬁ

> W] = [W] = [0,1]
» observation is given by standard multiplication
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Two particular cases

» The multiplicative unit W ~ ﬁ

> W] = [W] = [0,1]
» observation is given by standard multiplication

» The additive unit 0 =~ ()

> o] = [o*| = {0}
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Linear maps

Let X, Y be linear QBSs. A map f : ‘X} — ‘Y! is linear if:
» f is measurable (meaning: morphism of QBSs),

» there exits a (necessarily unique) measurable map
fo| Xt = | Y| st Vx e |X]|,Vne |V,

n (f(x)) — (fL (fr})) x =: nfx

14 /20



Linear maps commute with integrals and sums
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Linear maps commute with integrals and sums
Forall f: X — Y linear,

> forall e G (|X]).

: ( [ xu(dx)> = [0 u0

» for all (xn),cn € ‘X|N, if > ey Xn is defined, then

f (an) = Z f(xn)

neN neN
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Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

> ’X —o Y’ is the set of linear maps from X to Y

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

> ’X —o Y’ is the set of linear maps from X to Y

> ’(X—o Y)L’ e (\Xy X yw|)

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

> ’X —o Y’ is the set of linear maps from X to Y

> ’(X—o Y)L’ e (\Xy X yw|)

> uf = [nfxp(d(x,n))

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

> }X —o Y’ is the set of linear maps from X to Y

> )(X—oY)L’:GOX’X’YLD/N,Where,uwyif,uf:l/f
forall f: X — Y

> uf = [nfxp(d(x,n))

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X — Y

> }X —o Y’ is the set of linear maps from X to Y

> )(X—oY)L’:GOX’X’YLD/N,Where,uwyif,uf:l/f
forall f: X — Y

> uf = [nfxp(d(x,n))

16 /20



Spaces of linear functions

For all linear QBSs X, Y, we define a linear QBS X —o Y

> }X —o Y’ is the set of linear maps from X to Y

n N
})(X—OY)J"_{(Mn)nENEGOX’X’Y D '}/N
Vi, (pn)pen f <1

> (:un)neN f = ZneN fnfx Fen (d(X, 77))

16 /20



Multiplicatives

> X —o W~ X+
> XBY =Xt oYYt oX
> XQY =2(X—-oY —oW)—oW
» AR B~AxB

» (QbsLin, W, ®, —o) monoidal closed
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The cartesian product &

For all linear QBSs (Xp),cn, We define &, n Xn

> ’&nENX”‘ - HnEN ‘X”|
(n”)neN < HnEN ‘XL{ }
’ (&HGN A ) ‘ { v (Xn)nEN ) ZnEN Tin Xn < 1
> (n”)nEN (Xn)neN - ZneN Tln Xn
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The coproduct 6

For all linear QBSs (X;),.cy, We define €D

neN

> }eanEN Xn‘ _ { (VXH)HEN = HnEN ‘X ‘ }

(nn )neN ) ZneN Tln Xn S 1
i HnGN ‘Xr%‘

> | (@ X)

> (nn)neN (Xn)neN - ZnEN TIn Xn
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The coproduct 6

For all linear QBSs (X;),.cy, We define €D

neN

> }eanEN Xn‘ _ { (VXH)HEN = HnEN ‘X ‘ }

(nn )neN ) ZneN Tln Xn S 1
i HnGN ‘Xr%‘

> | (@ X)

> (nn)neN (Xn)neN - ZnEN TIn Xn

For all QBSs A, B, A B~ A+ B
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The exponential modality "!I"

> X :=lim (X & W)“*"(Mellies, Tabareau, Tasson. An explicit
formula for the free exponential modality of linear logic.)

R X
X X = supnGN(X7 1)®sn

» we call f: X = Y analyticit 3f, : I X — Y sit. f =fioVx
Proposition

» fi is unique
> gof = (g ok i) oV
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Arbitrary fixed points

Proposition

» any analytic function f : X — X has a least fixed point
fix f € X,

{f : X = X analytic} —» X

» the map { P s fix f is analytic.
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