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What do probabilistic programs denote?
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Examples of probabilistic programs

Input: random integer r
Output: random integer
x ← sample r
y ← sample uniform {0,1}
return x + y

Input: random integer r
Output: random integer
x ← sample r
y ← sample r
return x + y

Denotation: function
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Key idea (e.g. probabilistic coherence spaces)
I Linear program  linear function

{
G (X ) → G (Y )
µ 7→

∫
x∈X ϕ (x) µ (dx)

ϕ : X → G (Y )

I Non-linear program  analytic function (power series)

{
G (X ) → G (Y )
µ 7→

∑
n∈N
∫
~x∈X n ϕn (~x) µn (d~x)

∀n, ϕn : X n → G (Y )
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But: what about higher-order?

Define a structure s.t.

I for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

I for any instances X ,Y and any function f : X → Y , we have
notions of f being linear and f being analytic,

I for any instance X ,Y , {f : X → Y ; f linear} and
{f : X → Y ; f analytic} can be equipped with this structure.

4 / 20



But: what about higher-order?

Define a structure s.t.

I for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

I for any instances X ,Y and any function f : X → Y , we have
notions of f being linear and f being analytic,

I for any instance X ,Y , {f : X → Y ; f linear} and
{f : X → Y ; f analytic} can be equipped with this structure.

4 / 20



But: what about higher-order?

Define a structure s.t.

I for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

I for any instances X ,Y and any function f : X → Y , we have
notions of f being linear and f being analytic,

I for any instance X ,Y , {f : X → Y ; f linear} and
{f : X → Y ; f analytic} can be equipped with this structure.

4 / 20



But: what about higher-order?

Define a structure s.t.

I for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

I for any instances X ,Y and any function f : X → Y , we have
notions of f being linear and f being analytic,

I for any instance X ,Y , {f : X → Y ; f linear} and
{f : X → Y ; f analytic} can be equipped with this structure.

4 / 20



But: what about higher-order?

Define a structure s.t.

I for all measurable spaces A, countable or not, the set G (A) can
be equipped with this structure,

I for any instances X ,Y and any function f : X → Y , we have
notions of f being linear and f being analytic,

I for any instance X ,Y , {f : X → Y ; f linear} and
{f : X → Y ; f analytic} can be equipped with this structure.

4 / 20



Bonus: linear functions commute with integrals

We would like:

I for any instance X and any sub-probability measure µ on X , we
have a sensible definition for E (µ) =

∫
x∈X x µ (dx) ∈ X

( E G -algebra),

I for all f : X → Y linear,

f

(∫
x∈X

x µ (dx)

)
=

∫
x∈X

f (x) µ (dx)

In other words: linear map ⇒ morphism of G -algebras
⇔ (for X ,Y data types) sub-Markov kernel.
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Bonus 2: arbitrary fixed points

We would like:

I any analytic function f : X → X has a least fixed point
fix f ∈ X ,

I the map
{
{f : X → X analytic} → X

f 7→ fix f
is analytic.
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Bonus 3: linear logic

We would like:

I a model of linear logic,

I in which each construction of linear logic has an intuitive
interpretation in “probabilistic” terms.
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Things to avoid

I sigma-algebras

I limits, sups (topology in general)
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Things to avoid

I sigma-algebras  quasi-Borel spaces

I limits, sups (topology in general)  infinite sums (of positive
reals, with sum ≤ 1)
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Linear quasi-Borel spaces
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Linear QBSs
A linear QBS X is:

I two QBSs
∣∣X ∣∣ and ∣∣X⊥∣∣,

I a measurable map (:⇔ QBS morph.)
{ ∣∣X ∣∣× ∣∣X⊥∣∣ → [0, 1]

(η, x) 7→ ηx

such that
I ∀µ ∈ G

(∣∣X ∣∣) ,∃!
∫
x∈X xµ (dx) ∈

∣∣X ∣∣ ,∀η ∈ ∣∣X⊥∣∣ ,
η

∫
x∈X

xµ (dx) =

∫
x∈X

ηxµ (dx)
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Linear QBSs
I ∀µ ∈ G

(∣∣X ∣∣) ,∃!
∫
x∈X xµ (dx) ∈

∣∣X ∣∣ ,∀η ∈ ∣∣X⊥∣∣ ,
η

∫
x∈X

xµ (dx) =

∫
x∈X

ηxµ (dx)

I ∀(xn)n∈N s.t. ∀η,
∑

n∈N ηxn ≤ 1
∃!
∑

n∈N xn ∈
∣∣X ∣∣ ,∀η ∈ ∣∣X⊥∣∣ ,

η
∑
n∈N

xn =
∑
n∈N

ηxn

I µ 7→
∫
x∈X xµ (dx) and (xn)n∈N 7→

∑
n∈N xn are measurable,

I and symmetrically (exchanging
∣∣X ∣∣ and ∣∣X⊥∣∣).
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Canonical example: data types

For all QBSs A, we define a linear QBS A:

I
∣∣A∣∣ = G (A)

I
∣∣∣A⊥∣∣∣ = Qbs

(
A, [0, 1]

)
I ∀f ∈

∣∣∣A⊥∣∣∣ ,∀µ ∈ ∣∣A∣∣ ,
f µ =

∫
a∈A

f (a)µ(da)
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Dual space

Given a linear QBS X =
(∣∣X ∣∣ , ∣∣X⊥∣∣ , (η, x) 7→ ηx

)
, we define its

dual X⊥ =
(∣∣X⊥∣∣ , ∣∣X ∣∣ , (x , η) 7→ ηx

)
.

12 / 20



Two particular cases

I The multiplicative unit W ≈ {∗}

I
∣∣W∣∣ =

∣∣W⊥
∣∣ = [0, 1]

I observation is given by standard multiplication

I The additive unit 0 ≈ ∅

I
∣∣0∣∣ =

∣∣0⊥∣∣ = {0}
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Linear maps

Let X ,Y be linear QBSs. A map f :
∣∣X ∣∣→ ∣∣Y ∣∣ is linear if:

I f is measurable (meaning: morphism of QBSs),

I there exits a (necessarily unique) measurable map
f :
∣∣X⊥∣∣→ ∣∣Y ⊥∣∣ s.t. ∀x ∈

∣∣X ∣∣ ,∀η ∈ ∣∣Y ⊥∣∣ ,
η
(
f (x)

)
=
(
f ⊥ (η)

)
x =: ηfx
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Linear maps commute with integrals and sums

For all f : X → Y linear,

I for all µ ∈ G
(∣∣X ∣∣),

f

(∫
x∈|X |

x µ (dx)

)
=

∫
x∈|X |

f (x) µ (dx)

I for all (xn)n∈N ∈
∣∣X ∣∣N, if ∑n∈N xn is defined, then

f

∑
n∈N

xn

 =
∑
n∈N

f (xn)
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Spaces of linear functions

For all linear QBSs X ,Y , we define a linear QBS X ( Y

I
∣∣X ( Y

∣∣ is the set of linear maps from X to Y

I
∣∣∣(X ( Y )⊥

∣∣∣ = G
(∣∣X ∣∣× ∣∣Y ⊥∣∣) / ∼, where µ ∼ ν if µf = νf

for all f : X ( Y

I µf =
∫
ηfx µ

(
d(x , η)

)
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Multiplicatives

I X (W ' X⊥

I X ` Y := X⊥( Y ' Y ⊥( X

I X ⊗ Y :' (X ( Y (W)(W

I A⊗ B ' A× B

I (QbsLin,W,⊗,() monoidal closed
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The cartesian product &

For all linear QBSs (Xn)n∈N, we define
˘

n∈N Xn

I
∣∣˘

n∈N Xn

∣∣ =
∏

n∈N
∣∣Xn

∣∣
I
∣∣∣(˘n∈N Xn

)⊥ ∣∣∣ =

{
(ηn)n∈N ∈

∏
n∈N
∣∣X⊥n ∣∣ ;

∀ (xn)n∈N ,
∑

n∈N ηn xn ≤ 1

}
I (ηn)n∈N (xn)n∈N =

∑
n∈N ηn xn

18 / 20



The coproduct ⊕

For all linear QBSs (Xn)n∈N, we define
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n∈N Xn
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n∈N Xn
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For all QBSs A,B , A⊕ B ' A + B
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The exponential modality “!”

I !X := lim←− (X & W)⊗sn(Melliès, Tabareau, Tasson. An explicit
formula for the free exponential modality of linear logic.)

I ∇X :=

{
X → !X
x 7→ supn∈N (x , 1)⊗sn

I we call f : X → Y analytic if ∃f! : !X ( Y s.t. f = f! ◦ ∇X

Proposition

I f! is unique
I g ◦ f =

(
g! ◦Kleisli! f!

)
◦ ∇
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Arbitrary fixed points

Proposition

I any analytic function f : X → X has a least fixed point
fix f ∈ X ,

I the map
{
{f : X → X analytic} → X

f 7→ fix f
is analytic.
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