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Scott's domain of Booleans

false true
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Left-first or: of

y X true false ?
true true true ?
false true false ?

? true ? 7
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Left-first or: of

y X true false
true true true
false true false

true

Ax.Ay. (if x) y true
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Right-first or: &r

X
y true false
true true true true
false true false

Ax.Ay. (if y) x true
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Parallel or: or
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Parallel or: or

y X true false
true true true true
false true false
true
AXAy. 777
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Voting function: vote
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Voting vs parallel or
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Voting vs parallel or

o = Ax.\y. vote (of x y) (&r x y) true
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Voting vs parallel or

o = Ax.\y. vote (of x y) (&r x y) true

vote = or (W <m(x,y), <a_ﬁ(y,z)> ,m(z,x))
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Gustave's function: G
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Degrees of parallelism

w <——— yote

Sequential
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Degrees of parallelism

Sequential
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The language of Boolean algebras

Boolean terms: a,b = x |0 ] 1

Boolean formulas: A, B = aztb
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The language of Boolean algebras

Boolean terms: a,b = x |0 ] 1

Boolean formulas: A, B = aztb
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The language of Boolean algebras

Boolean terms: a,b = x |0 ] 1

Boolean formulas: A, B = aztb

| A—B

| Vx A
» (0#£1)=(1#£0)=T (at least two elements)
» (0£0)=(1#1)=1

» a(x) = b(x) if a(c) = b(c) for all € € {0,1}
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The language of Boolean algebras

Associativity of A: Vx Yy Vz (x Ay)ANz#xN(y ANz)— 1)
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The language of Boolean algebras

Associativity of A: Vx Vy Vz (x Ay)ANz#xAN(yANz)— 1)

At most 2 elements: Vx (x #0 - x#1 — 1)

At most 4 elements:
VxVyVz(x#0—y #0—z#0— ((xAy)V(yAz)V(zAx)) # 0)

At least 4 elements: Vx (x #0 > x#1— 1) — L
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Formulas with intersections

AB = T L
| A—B
| ANB
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Formulas with intersections
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Formulas with intersections

AB = T L
| A—B
| ANB

Identifications:

» ANB=BnNA An(BNC)=(ANB)NC, etc.
»(A-B)N(A—=-C)=A—(Bn()

> T - 1=1

>»A->T=T
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Formulas with intersections

AB = T L
| A—B
| ANB

Identifications:
» ANB=BnNA An(BNC)=(ANB)NC, etc.
»(A-B)N(A—=-C)=A—(Bn()

» T > 1=1
>»A->T=T
Subtyping:

» LA AST
» AN B greatest lower bound
» ifA=A and B< B/, then (A— B) < (A= B)
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To the simply typed A.-calculus...
A B = T ] L

| A—>B
| ANB
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To the simply typed A -calculus...

A B = T ] L
| A—B
| ANB

[M°. x| =L — L
[MPAy. x]=L —>T— L
[P Ayl y=T - L — 1

[Aa®707oAbo797° Ax° A\y°. a (b x y) y]

= (T>1L—-1) — T - (T—=1L—-1)
N La>T—-1) - (L=-T—=1) - (L—>T—=1)
N((Ll—=>T—-1) - (T->1L—-1) - (T>L—-1)
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To the simply typed A -calculus...

A B = T ] L
| A—B
| ANB

[M°. x| =L — L
[MPAy. x]=L —>T— L
[P Ayl y=T - L — 1

[Aa® 702 A0 7° AxP \y°. a (b x y) ¥]
= (ToL—o1) — T

N (L=>T—-1) - (L->T—=1)
N (L=>T—-1) - (T—>1L—=1)

7

Il
o

- (T—=1L—-1)
- (L—=>T—=1)
- (T—=1—=1)
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. and beyond !

of

(To1L—-1) — T - (T—=_L—-1)
N(L—=>T—>1) = (L=>T—=1) > (L—->T—=1)
N(L—=>T—-1) > (T—-_L—-1) > (T—-L—1)
[Aa® 7079 Nbo797° AxC. A\y°. a (b x y) y]
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. and beyond !

of = (Tol—ol)— T - (T—=L—1)
N(L—=>T—>1) = (L=>T—=1) > (L—->T—=1)
N(L=>T—=1) = (T—=>L—-1) > (T—>_L—-1)

= [[)\aoao%o‘)\bo%oﬁo_ )\Xo‘)\yo.a(bxy) yﬂ
o= (To1l-1)— T - (T—=1L—-=1)

N(L—=>T—>1) > (L—=>T—=1) > (L->T—=1)
M T S (Tolol) 5 (ToL—1)
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. and beyond !

of = (Tol—ol)— T - (T—=L—1)
N(L—=>T—>1) = (L=>T—=1) > (L—->T—=1)
N(L—=>T—-1) > (T—-_L—-1) > (T—-L—1)

= [Aa® 70 7oNbo o0 AxC Y% a (b x y) y]
o= (ToLl-o1l)— T - (T—=L—1)

N(L—=>T—-1) - (L->T—=1) > (L=>T—=1)
N T - (T=oL—-1) > (T—=L—1)
[

Zz [
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. and beyond !

of

(To1L—-1) — T - (T—=_L—-1)
N(L—=>T—>1) = (L=>T—=1) > (L—->T—=1)

N(L—=>T—-1) > (T—-_L—-1) > (T—-L—1)
= [Aa® 70 7oNbo o0 AxC Y% a (b x y) y]

of

(To_1L—-1) — T - (T—=L—-1)
N(L—=>T—>1) > (L—=>T—=1) > (L->T—=1)
N T - (T=oL—-1) > (T—=L—1)
[

Zz [

Sequential vs non-sequential
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Tweedledum and Tweedledee
A B = a#b AB = T L

| A—»B | A—>B
| Vx A | ANB
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Tweedledum and Tweedledee

A B = a#b A B =

| A—B
| Vx A

> (0£1)=(1#£0)

-
» (0£0)=(1#1)=1

T L
A— B
ANB
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Tweedledum and Tweedledee

AB = a#£b AB = T L
A— B | A—>B
| Vx A | AnB

> (0£1)=(1#£0=T
» (0£0)=(1#1)=1
> Vx A(x) = A(0) N A(1)
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Tweedledum and Tweedledee

AB = a#£b AB = T L
| A—»B | A—>B
| Vx A | ANB

v

0#£1)=(1#0)=T
0£0)=(1#1)=1
Vx A(x) = A(0) N A(1)

v

v

v

Logical interpretation (Boolean algebras)

Computational interpretation (simply typed A.-calculus,
degrees of parallelism)

v
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Translating of

(T>L—-1)— T = (T—=1L—=1))
N(L=-T—=1)=(L=>T—=1)=>(L=>T—=1))
N(L=>T—->1)=>(T—-_L—-1) = (T—-L—=1))
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Translating of

of= (ToLl—1)— T - (T—=>L1L—1))
N(L=>T—>1)>(L=>T—=1)=>(L=>T=1))
N(L=>T—=1)=(ToL—-1)=>(T—=L—1))

(x#0—=x#1—1)
VxVy | — (y#A0—>y#1— 1) )
= ((xVy)#0—=(xVy)#1—=1)
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Translating of

of

(T>L—-1)— T
N(L=>T—>1)>(L=>T—=1)=>(L=>T=1))
N(L=>T—=1)=(ToL—-1)=>(T—=L—1))

Vx Vy (

(x#£#0—=x#1—1)

- (y#FO=y#A1ox#0)
= (xVy)#0—= (xVy)#1—1)

- (T—=>L1L—1))

|
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Translating of

of= (ToLl—1)— T - (T—=>L1L—1))
N(L=>T—>1)>(L=>T—=1)=>(L=>T=1))
N(L=>T—=1)=(ToL—-1)=>(T—=L—1))

(x#£#0—=x#1—1)

= Vx Vy <—> (y£A0—=y#1—x#0) )
= (xVy)#0—= (xVy)#1—1)

~~ true in every Boolean algebra
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Translating o

o= (ToLlL-1)— T - (T—=1L—1))
N(L=>T—=1)>(L—>T—=>1) = (L=>T=1))
N ( T - (To>L—-1)=>(T—-L1L—=1))
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Translating o

o= (ToLlL-1)— T - (T—=L—1))
N((L=>T—=1)>(L>T—>1)=>(L=>T—=1))
N ( T - (To>L—=1)=>(T—>1L—=1))

(x#0—=>x#1— 1)
VxVy | — (y#0—>y#1—x+#0)
= (xVy)#0—=(xVy)#1—1)
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Translating o

o= (ToLlL-1)— T - (T—=L—1))
N((L=>T—=1)>(L>T—>1)=>(L=>T—=1))
N ( T - (To>L—=1)=>(T—>1L—=1))

- (y#FO=y#1ox#£0)

( (X#O—)X;é1—>(y/\—|x)7§0)>
= Vx Vy
= (xVy)#0—=(xVy)#1—1)
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Translating o

o= (ToLlL-1)— T - (T—=L—1))
N((L=>T—=1)>(L>T—>1)=>(L=>T—=1))
N ( T - (To>L—=1)=>(T—>1L—=1))

- (y#£0—=y#1—=(xA-y)#0)

( (X#O—)X;é1—>(y/\—|x)7§0)>
= Vx Vy
= (xVy)#0—=(xVy)#1—1)
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Translating o

o= (ToLlL-ol)— T - (T—=1L—1))
N((L=>T—=1L)>L=>T>1) = (L=>T—=1))
N ( T > (T—=>1L—-1) = (T—=1L—=1))

- (y#0—=y#1—= (xA-y)#0)

( (X#O—>X7é1—>(y/\—|x)7é0)>
= Vx Vy
= (xVy)#0—=(xVy)#1— 1)

& there are at most 4 elements
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Translating o

o= (ToLl-ol)— T 2 (T=L=1)
N(L=T—=1) = L=>T=1) = (L=>T=1))
n( T S (T=L>1) = (T L 1)

(Y 20y 1 (xAny) £0)

( (x¢o—>x¢1—>(yﬁx)7ﬁ0)>
= Vx Vy
= (xVy)#0—= (xVy)#1— 1)

x#0—=>y#0—=>2z#0
& Vx Vy vz <_> ((X/\y)v(yAZ)V(Z/\X))#())
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Realizability to the rescuel!

Theorem (Adequacy — 12 is a Boolean algebra)
If A is true in every Boolean algebra, A is sequential.
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Realizability to the rescue!

Theorem (Adequacy — 12 is a Boolean algebra)
If A is true in every Boolean algebra, A is sequential.

Theorem (Play-Doh — 12 can be any Boolean algebra)

If A is sequential, A is true in every Boolean algebra.

Corollary
A can be simulated from By, ...,B, iff By — ... — B, — A is true
in every Boolean algebra.
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Degrees of parallelism, round 2

- L Tt~ o
2 elements atomless
‘ 4 elements |
R
< 4 elements
| 8 elements |
-
< 8 elements > 8 elements
< 16 elements > 4 elements

> 2 elements

T
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